Abstract. Classical dynamical equations describing a certain version of the nonHamiltonian interaction of two rotators (Euler tops with completely degenerate inertia tensors) are considered. The simplest case is integrated. It is shown that the dynamics is almost periodic with periods depending on the initial data.
Classical dynamics of Hamiltonian systems is often described by remarkable algebraic structures such as Lie algebras [1] or their nonlinear generalizations [2] . There is a hope that not less important algebraic objects govern a behaviour of the interacting Hamiltonian systems. It seems that these mathematical objects may be unravelled in a certain formal way.
There exist several types of an interaction of Hamiltonian systems: often it has a potential character, sometimes it is ruled by a deformation of the Poisson brackets; however, one of the most intriguing and less explored forms is a nonHamiltonian interaction. In general, it can not be described by deformations of the standard Hamiltonian data (Poisson brackets and Hamiltonians). Sometimes, such interaction is realized by the dependence of the Poisson brackets of one Hamiltonian system on the state of another. Dynamical systems of charged objects with nonpotential magnetic interactions provide a realistic and relatively simple example (cf. [3] ). More sophisticated generalizations may be also formulated (e.g. two nucleons at the classical level).
To unravel certain mathematical structures beyond such interactions it is reasonable to consider some simple toy constructions. The examples of a linear dependence of Poisson brackets on the states were considered in [4] . Physically realistic example is a pair of spherical charged particles with fixed centers interacting via Biot-Savart-Ampére forces. However, if charged particles are asymmetric then one should consider each particle in its proper coordinates. In such a way equations of motion of each object will contain a nonlinear dependence on the states of an opposite one.
A toy example of the quadratic nonlinear dependence will be considered below. Some physical systems with magnetic interactions are characterized by such dependence, e.g. two pairs of charged spherical particles. In this case the dependence is linear as in velocities as in distances between particles in the pairs. Some features of our toy example (boundness of motion, stability and almost periodicity) may be also peculiar to a class of algebraically constructed systems with quadratic nonHamiltonian magnetic-type interactions.
Our general constructions may be useful for a qualitative analysis of essentially nonlinear systems (cf. [2] ), because in many cases the quadratic approximation determines the qualitative behavior of interacting systems, so the highest perturbations do not disturb the boundness and stability of motion.
First, let us specify the necessary algebraic requisites.
of linear spaces will be called I-pair iff there are defined (nonlinear) mappings The examples of I-pairs with linear mappings h i were considered in [4] .
Example of a nonlinear I-pair. Let V i be the adjoint representations of the Lie algebra so(n):
for all X, Y ∈ V 1 and A ∈ V 2 as well as
for all A, B ∈ V 2 and X ∈ V 1 .
Definition 2. Let us consider two elements Ω + and Ω − in V 1 and V 2 , respectively. The equationsẊ
where X t ∈ V 1 and A t ∈ V 2 are called the (nonlinear) dynamical equations (Euler formulas) associated with the I-pair (V 1 , V 2 ) and the elements Ω ± .
Such formulas generalise classical Euler formulas for rotator [5, p.129,136].
The toy examples for the linear case was considered in [4] . Physically realistic examples of the linear dependence include magnetic interaction between two charged symmetric Euler tops (I 1 = I 2 , I 3 = 0, I n are components of inertia tensor), two Cooper pairs or two positroniums.
The dynamical equations associated with the I-pair of the example above and with Ω + ∈ V 2 and Ω − ∈ V 1 may be considered as describing the nonHamiltonian interaction of two n-dimensional rotators: ε is the coupling constant.
Lemma. If Ω ± = Ω then the system has two independent integrals of motion:
Really, I should be identified with energy so the lemma means that the system is not dissipative.
Let's consider the case n = 3. In this case the commutator [·, ·] in so(3) reduces to an ordinary vector product × in R 3 . The dynamical equations for two independent rotators have the form
A, B, Ω ± ∈ R 3 . If A and B are identified with coordinates they describe the motion of a rigid body with fixed axis. If A and B are identified with velocities they describe a charged particle in an external magnetic field or a rotator [5, 
]).
The perturbed equations have the form
Here so(3) is canonically imbed into Mat n (R) as a space of skew-symmetric matrices.
Theorem. The dynamical equations for two interacting rotators are integrable for n=3 and Ω + = Ω − = Ω. A motion defined by them is almost periodic with periods depending on the initial data.
Proof. Let i, j, k be a canonical orthonormal basis in so (3) 
Put Ω = Ω ± = ωi and expand A and B as a i i + a j j + a k k and b i i + b j j + b k k, then the dynamical equations will be written as
Mark that K = sin η sin 2ξ is an integral of motion, therefore, η =εωB 2 sin 2 η cos 2ξ
sin 2η sin 2ξ
The system of dynamical equations on η and ξ is easily integrated. Namely,
Hence,
The last integral may be easily computed but the resulted expression is not much useful, one should only mark that θ = ω ′ t + f (εωB 2 Kt), where f is a 2π-periodic function, ω ′ = ω + εωB 2 K∆ (∆ = ∆(K)). One should mark also that
so the periods of the almost periodic motion are 2π ω ′ and 4π εωB 2 K . Note that the systems admits three integrals of motion: I, J and K. The presence of two of them is provided by the algebraic structure of the model (and equality Ω + = Ω − ; see above). It seems that the third integral has no any natural algebraic interpretation.
Thus, the classical dynamical equations describing a certain toy version of the nonHamiltonian interaction of two rotators are considered. The simplest case of the dimension n = 3 and the coinciding angular velocities Ω ± = Ω is integrated. It is shown that a motion is almost periodic with periods depending on the initial data.
One may suppose that a qualitative behavior of the considered toy system (e.g. boundness and almost periodicity) is peculiar to a more general class of Hamiltonian systems with nonHamiltonian interaction of magnetic type. Thus, the results may be of a possible use for a qualitative and structural analysis of complicated physical systems of such kind.
However, note that a relation between the algebraic construction of the model and its explicit integration is formally almost "accidental". Nevertheless, it seems that this relation is essential. It is reasonable to formulate a hypothesis that if two Hamiltonian systems are integrable and their integrability is provided by some algebraic mechanism, then an integrability of the interacting dynamics may be related to some additional new algebraic structures, which underlie the interaction.
Certainly, such "phenomenological" hypothesis is merely a constructive compromise between practical needs and theoretical abilities. It does not explain a mechanism of the relation but only suggest to look for any explicit integration of algebraically constructed nonHamiltonian systems. In such a way it may be useful.
